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Abstract

In the present paper some fixed point theorems are established in random G-Metric space for integral type mappings. The results are
obtained from the basic definitions of G- metric space and extended for integral type mappings
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Introduction and preliminaries

The first well known result on fixed point for contraction mapping was Banach fixed point hypothesis , Published in 1922 .In
general the theory of Complete G-Metric Space ,the author Ghaler and Dhage proves the hypotheses on contraction mappings existing
the subsequent results.

Many different generalizations can be done as past years as a development of invariant point theory in Metric space. The researchers
Gahler and Dhage describes the notion of metric space and generalized many results related to the spaces 2-metric and D-metric.The
Metric space conception is generalized in different ways has been proposed by many authors by Gahler and Dhage they obtain the
results for 2-Metric space are independent and also proves the generalization and corresponding many results in metric spaces.The
author Dhage develops the theory of D-Metric space and generalized many results for single and multivalued mappings of ordinary
metric functions. Authors Abbas and Rhoades introduced the concept of communal fixed point theory in general metric space with
distinct mappings gratifying the property P in G-Metric space. Also the author Mustafa.et. al. presents some theorems offixed point
for mapping with different contractive condition.

In recent years, the study of fixed points of random operators forms a central topic in probabilistic functional analysis. In 1950 study
of probabilistic was initiated in The Prague School of probabilistic. After the publication of the survey articles of Bharucha-Reid so
many research works have been started in this area. Then many interesting random fixed point results and applications have appeared
in the literature- for example the work of Beg and Shahazad, Lin (particularly random iteration schemes leading to random fixed point
of random operators have been elaborately discussed in B.S. Choudhary, and M. Ray, B.S. Choudhary, and A. Upadhyay, V.B.
Dhagat , A.Sharma, & R.K Bhardwaj and others.

In the present paper using above concepts a new concept of random G metric spaces is stablished for integral type mappings, which is
the modification of G metric space using random operator. Now the modifications of the definitions are as folows:

Definition 2.1: Suppose U be a non-empty set, let a mappingG : U x U X U - R™ be a functional which satisfy the subsequent
axioms:

116, GC&u, v, ew) =0 Iféu = &v = tw.
216G, 0 < G(&u,&v, tw) VEu,&v € U with &u # &v.
31G; GEw,&v,Ew) < GCEw,&v,Ew), V Ew,év,Ew €U withEw # &v

4] G4— G(Eu' EU, EW) = G(Eu' EW'EU) = G(EU, EW' Eu)

(Symmetry in all three variables)
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5]Gs G(&u,8v, tw) < G(&u,&x, &x) + G(Ex,&v, tw), V Eu,tv,Ew e U
(Rectangular inequality)

Therefore the functional G is known as random G-Metric, with the couple (U, G).

Definition 2.2: Suppose a metric space (U, G) be random G-metric then a classification{€x,,} is named as random G- Cauchy, for
every €> 0,3n € N such that G(€ x,, Ex,,8x) <€, Vn, mlEN

i.e. GC&xp, Exp, &) >0 as n,m,l »>

Proposition 2.3: Suppose a metric space (U, G) be G-metric, also a sequence{x,} be a point of U, and then the sequence{x,} is G-
Convergent to x, If

limy, 00 GQX, X, %) =0 VE>0 In €N Such that
G(x, %, X) <E vnm =M
Proposition 2.4: Suppose a metric space (U, G) be random G-metric, therefore the subsequent results are Comparable as

Q) Classification {€x,,} is G- Converges to &x.
(i) G(Exp, Exp,&x) > 0as n—> o
(iii) G(Ex,, Ex,8x) > 0as n—> o

Proposition 2.5:Suppose a metric space (U, G) and (U',G) be two Random G-metrics then S is a aligning from X to X' is at a point
which is G- unceasing, and also it is unceasing at € x If a metric space is raomdom G- Sequentially, wherever {€x,,} is G- convergent

to &x, {f (€x,,)}is G- converges to f(&x).

Definition2.6:Suppose the spaces (U, G) and (U’, G be double random G-metric and let S :(U, G) = (U’,G) be a functional , then
the function f is known to be random G- unceasing at a point §a € U, Uncertainty assumed €> 0,3 § > 0 such that &x,&y €
U; G(Ea,&x,8y) <é

This implies that G(f(Ea),f(Ex),f(Ey)) <€, A functional f is G- unceasing on X iff it is G- unceasing at all €a € U.

Definition 2.7: Suppose a metric space (U, G) be random G-metric is known to be random G- complete, If for all random G- Cauchy
classification in (U, G) is random G- converges in (U, G).

Throughout this paper, (£, X) denotes a measurable space consisting of a set Q and sigma algebra X of subset of Q . U stands for a
complete metric space, C is nonempty subset of U

Definition 2.8: A function R : O X € — C is said to be measurable if
R™Y(B nC) € T forevery Borel subset B of U
Definition 2.9: A function R : Q X € — C is said to be random operator, if
R(,, x) : Q — C is measurable for every x € C.
Definition 2.10: A random operator R : Q X C — C is said to be continuous if for fixed €€ Q,R(E,.) : C — C is continuous.

Definition 2.11 :. A measurable function g : Q — C is said to be random fixed point of the random operator R : Q X C - C, if

R(59(®) = g(®, UEe QUorR(Ex) = &
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Theorem 2.12 (Branciari) (Branciari, A. 2002) : In 2002, A. Branciari (Branciari, A., 2002) analyzed the existence of fixed point for

mapping f defined on a complete metric space (X, d) satisfying a general contractive condition of integral type.
Let (X, d) be a complete metric space, ¢ € (0,1) and letR : X — X be a mapping such that for each x, y € X,

fod(Rx.Ry) o) dt <c fod("J’) o(t) dt (2.12(i))

Where ¢:[0,+c0) — [0,4+0) is a Lesbesgue-integrable mapping which is summable on each compact subset of [0, +0),
nonnegative, and such that for each e > 0, f06<p(t) > 0, then R has a unique fixed point a € X such that for each

x€X, lim,_,,R"x = a

Proposition 2.13: Suppose a metric space (U, G) be random G-metric, therefore the functional G (§x,§y,&z) is jointly continuous in
all three of its variable.

Theorem 2.14 :Suppose a metric space (U, G) be G-metric which is complete, let « € [0,1) and G : U - U be a map then we have
foreachx,y € X

d(Gx, Gy) < ad(x,y)
Then, T has a unique invariant point z € U such that for each x € U,lim,_,,, G"x = z.
After this result, more theorems with contraction mapping proved different forms of contractive inequalities.

Theorem 2.15: Suppose a metric space (U, G) be G-metric which is complete, let « € [0,1) and G : U - U be a map then we have
foreachc € U,

d(Ggx, G&y) d(Exgy)
f P(t)dt < f P(t)dt
0 0

Where : [0, +o0] — [0, +00] is a aligning which is the sum on each compact subclass of [0, +oo], is lebesgue integrable and Non-
destructive, such that

€
VY £>0, f Y(t)dt
0
Then, T has Unique random fixed point &z € G, such that foreach §{x € U, G"¢x =z asn — co.

Main Results

Theorem 3.1: Suppose a metric (U, G) space be G- Complete or it is Complete G-Metric then for a mapping S : U —» U which
gratifies the subsequent condition for all x,y,z € U.

(S0, (EY).SE)
f P(t)dt
0

G(Ex5Y £2),G(Ex,S(8x),S(€)),G(8y.S(§),S(E2)),
G(82,5(82),5(€x)),G (£x.5(8¥).5(§2)),G(Ey.5(§x),S (§2))
G(82,5(6x),5(€Y)),G (8x,5(8x),5(8x)),G (£y.S(Ey),S (),
G(E2,5(82),5(82)),G (52,5 (6).S(63)) G (£ 58(2).5 (§2)),

G(82.5(8x),5(€x)),6(¥x.8y.,5(€2)),
G (8x,82,5(§y)),G (§2,8y,5(§x))
< qmaxjk ) Y(t)dt
0

ISSN No: 2250-3536 Volume 7, Issue 1, Jan. 2017 10



International Journal of Advanced Technology & Engineering Research (IJATER)
www.ijater.com
[3.1 (1]
Whereq > 0,0 < g <1landy:(0,1) - (0,1),(0,1] is a aligning which is the sum on each compact subclass of [0,+], is
lebesgue integrable and Non-destructive, such that
Ve>0,

fellj(t)dt >0,YE>0 [[3.1 (iD]
0

Where q € (O, 1/2] then S has a unique fixed point such that for each x € U, S"x = zasn — o and S is G- continuous at u.

Proof: Let S satisfies Eq. [3.1 (i)] let x, be any random point in U, then we express a sequence {x,,} in U as

Exn = S"(8x0)
Then from [3.1 ()]  we have

GExn8xn+1,8%n+1)
J- P(t)dt
0
G(Exn-18%n,8xn),G (§xn—1,8%n,8%n+1),6 Exn.8xn+1.5%¥n+1),
G (8xn,8xn +1,8%n),G §xn—1,8%n+1.5%n+1),6 Gxn,§x¥n+1,8%n+1)
G(Exn,8xn,8xn+1),6 §xn—1,8%1,8%1),6 Gxn.8xn+1.8%n+1),
G(&xn,8xn+1,8%n+1),6(Exn—1,8 ¥n+1,8%n+1),6(Exn.8xn+1.5%xn+1),
G(Exn,8xn,5xn),6 (§xn—1,8%n,8%n+1),6 Gxn—1.8%n.8xn+1),
<gq maxf G(Exn 8xnxn—1) ) P(t)dt
0
G(Exn-pixn.ixn).c(Exn.ixnﬂ,ixnﬂ),c(Exn_l,ixn+1£xn+1),}
<q maxf G (&xn—1,82n,8xn+1),6 €xn+1.80n.5xn) B(o)dt
0
[3.1 (iii)]
So,
G (ExXn-15%n,5%n),6 Gx¥n—-1,5¥n+1.5¥n+1),
GExn8xn+1,8%n+1) { G G }
f llJ(t)dt < q maxf (8xn+1,8%1,8%n),6 (§x¥n—1,8xn,8xn+1) lll(t)dt
0 0
[3.1(iv)]
Since, By G(5) we have
G (8xn—1,8 xn,8xn) [G(Bxn—18 Xn.8xn)+G (€xn,§xn—1,8%n+1)]
f Pdt < qmaxf P(t)dt
0 0
[3.1 (V)]
Also,
G(Exn-1,8%n.8%n+1) [G (Exn—1,5%n,8xn)+ G(Exn,8xn,8xn+1)]
f P)dt < qmaxf P(t)dt
0 0
That implies
G (8xn,8xn+1,8%n+1)
f B(0)dt
0
{G(Exn—1.5xn.ixn).6(Exn.ixn'ixnﬂ)+G(Exn-ixnﬂfxnﬂ).}
<gq maxJ G (8xn+1,82n,8%n),6 (§xn—1,5%n,8xn)+G (Exn Exn.8xn+1) lIJ(t)dt
0
G (&xn,8xn+1,50n+1)
f B(o)dt
0
{G(Exn—1.EXn.Exn).G(Exn.ixn'ixnﬂ)+G(Exn-ixnﬂfxnﬂ).}
<gq maxJ G (8xn+1,82n,8%0),6 (§xn—1,5%n,8xn)+G (Exn Exn.8xn+1) lIJ(t)dt
0
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{G(EXn—1.§xn.Exn)+G(Exn,ixnﬂ,ixnﬂ).}
G (Exn-1,8%n,xn) +G (§xn,§xn,§xXn+1)

<q maxf P(t)dt

0

By G(3), IOG(Exnrfxnﬂﬁxnﬂ) y®dt < foc(fxn'fxnﬂi'xnﬂ) P(O)dt

G(§xXn—-1,8%1,8xn)+G (8xn,8xn+1,5%n+1),
G(Exn.8xn+1.8%n+1)
f l.IJ(t)dt < qmax f{G(Exn_1IExn,Exn)+G(Exn'Exn+1‘Exn+1)}lIJ(t)dt
0 0
[3.1 (vi)]
Therefore
G(&xn,8xn+1,8%n+1) [G8(xn—18%n,5xn)+G (8xn,§xn+1,5%¥n+1)]
| ol < q | W(Odt
0 0
[3.1 (vii)]
G(Exn.8xn+1.80n+1) q [G (8xn—1,5xn,8xn)]
f Pdt < —f P(t)dt
0 1-qJ,
[3.1 (viii)]
Let k = i—q, then for k < 1 and by repeated process of the application of Eq. [8.2.3.6], we have
G(Exn8xn+1,8%n+1) G (§x0,5%1,5%1)
f ydt < k"f P()dt
0 0
[3.1 (iX)]
Then for all n,m € N,n < m, we have by again use of four-sided inequality and Eq[3.1 (ix)]
We have
G(Exn' Exm' Exm) < G(Exn: Exn+1: Exn+1) + G(Exn+1' Exn+2' Exn+2) + G(Exn+2' Exn+3' Exn+3)
+ T G (> A S 5y |
< (R + K™Y e E™TY) G (B, 8y, Exp)
[3.1(x)]
n
= 1—k G (8x0, §x1,§x1)
Then, lim, ;-0 G(Exy, §xm, §xp) = 0
since lim 2~ G(&xo, &x;,Ex,) = 0 for all n,m € N
n—-oo 1—

Therefore by prop (G 5) we assume that

G (&xn.8 xm,5xm)+G (Ex18xmExm)

G (8xn.§ xm.8x1)
f UOdt < f Y(o)dt
0 0

Now at limit n,m,l - o we get
G(Exn' Exm' Exl) -0
So, the classification {€x,,} is a random G- Cauchy classification, , by extensiveness of random G- metric space (U, G), there exist
&v € U such that the classification {€x, } is G-converges to &v.
Let S(Ev) # &v, then

G (Exn,S(Ev),S(Ev))
f POdt
0
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G(Exn-18v,50),G (8¥n-18%n,S(E0)),6 Ev.S(Ev),S(50) )

| G(Ev,S(Ev),Exn),6 (Exn—1,SE®),S(EV)),G (v, Exn, SEV)) |

{ G (&v,8xp,S(E1)),G (§xn—1,5%n,5xn),G (§v,5(§v),S (§v)), }

C,S(),SW)),G (Exn—1,5(Ev),S (E0)),G (Ev.S(E0),S (&),

| 6(Ev5xn 8,6 (§8n-1,50,5 (5)),6 Gtn—1 £ v, V), |

<gq maxf G(&v,8v,8xn) )
0

P(t)dt

G (&v,S(€v),S(81)),6 (Exn—1,5(€v),S(Ev)),6 (Exn—1,E%n.Exn),

{ G (Exn_1,EvE0),6 (Exn_1,50n,S(E1)),G (v, Exn, S (ED)), }
G (5v,8x0,8x0),G (Exn—1,5 v,5(§v)),G (§v,5v,8xy) w(t) dt

< g max f
0
G (8xn—1,5v,80),6 Exn—-1,5xn.8xn),
{G(EV.S(EV),S(EV)),G(Exn—l.S(EV).SE(V)).
< qmax f 6(E0 B Exn) W(Odt
0

[3.1 (xi)]
Hence by taking the limit n — oo we have the function G is continuous on its variable

Therefore
G (Ev.S(E).S(EV))

6(&v,5(v),S(E))
f ydt < f Y(Ddt
0 0

This gives contradiction. Since 0 < g < 1/2 ,
Therefore &v = S(Ev).

Uniqueness: Let us assume that &Ew =+ &v is such that
T (&w) = &w, then we have

G(v,w,w) {Gv,ww),G(w,v,v)}
J PY()dt < gmax J P(t)dt
0 0
Then
G Ewiw) GEw,Ev,5v)
f pdt < k f P(Ddt
0 0

Now again by same procedure we will find

G (Ewgv,8v) G(Ev.Ew,Ew)
j YOdt < q j POt
0 0
thus

G(EWEV,Ev) G(Ev.Ewgw)
f yHdt < ¢° f P(bdt
0 0

[3.1 (xii)]
Which proves that Ew = &v, since 0 < q < 1/2 we say that S is continuous at &v.
Let {€y,,} be any classification of U, then
lim{Zy,} = &v, then

G (&v.S(E).S(5)),6 (Eyn,S(Ev),S (&),

{G (Eyn.iv.iyn).G(Eyn.S(Eyn).S(Eyn)).}
6(&v,SEyn).S(Eyn)) P(t)dt

G(S(Eyn).S(Ev).S(Eyn))
f Pdt < qmaxj
0

0
[3.1 (xiii)]
And we have

{G(EYnE‘U‘Eyn)‘G(EYn‘S(Eyn)'S(Eyn))‘}

Y)dt < gmax j GOmov) P(t)dt

J G(SEyn).Ev.S(Eyn))
0 0
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[3.1 (ixv)]
Now by prop (G5) we have

G (8yn.SEyn).S(Eyn)) [6 Eyn &v.Ev)+ G (Ev,S(Eyn).S(Eyn))]
f q max f
0 0

Y(Odt < P(b)dt

[3.1 (xv)]
And following casesaries

(i) fOG(S(Eyn),EV.S(Eyn))w(t) dt < q fOG(Eyn.Eyn,EV) W(H)dt

() [ESORESED Y < g (SO oy

(Ill) IG(S(EYn)rEVvS(EYn)) llJ(t)dt < q fOG(EJ’nIEVIEV) llJ(t)dt

0 =

In every case we get as limit n — co we have
G (&, S(Eyn), S(Gyn)) = 0
Hence by proposition [8.3] we have sequence {S(£y,)} is random G- convergent to &v,
ie. &v=SCv)
and by proposition we have S is G-random continuous at v.
Following results can be proved easily at the basis of theorem 3.1
Corollary 3.2: Suppose a metric (U, G) space be G- Complete or it is Complete G-Metric Space for a mapping S : U —» U which
gratifies the subsequent axioms for some m € N and for all €x, &y, &z € U.

G(S™(&x),s™(€y),S™(E2))
| POt
0

([ GExEYEDG(ExS™(EX).S™(EW).6(Ey.sMEN.S™(ED), )
G(8z,5™(82),S™(€x)),G (8x,S™(€),S™(€2)),G (Ey,.S™(€x),S™(2))
G(Ez,S™(€x),S™(€y)),G (8x,S™ (£x),S™(§x)),G (Ey.S™(€y),.S ™ (EY)),
G(E2,5™(2),5™(82)),G (Ex,.S™(&¥).S™(€¥)).G (§y,S™(§2).™(§2)),
G(z,5™(x),s™(x)),6(x,y,5™(2)),

G(&x,82,5™(8y)),G(82,8y,5™(8x)) )

<q maxfL P(t)dt
0

[3.2(i)]
Whereq > 0,0< g <1landy:(0,1) - (0,1),(0,1] is a aligning which is the sum on each compact subclass of [0,+], is
lebesgue integrable and Non-destructive, such that

fellj(t)dt >0,VeE>0 3.2(ii)
0

Where q € (0, 1/2] then v is an exclusive invariant point of mapping S and S™ is G- unceasing at v.

Theorem 3.3 :Suppose a metric (U, G) space be G- Complete or it is Complete G-Metric Space for a mapping S : U —» U which
gratifies the subsequent axioms for some m € N and for all €x, 8y, &z € U

G (&x,S(8x),S (8x))+G (v, (€3).S (§x)),
G(5.5(5y).5(§2))+G(§2,5(82).5(83)),
P(dt < qmax f G(82,5(52),5(5))+G (§x,5(8x),5(§2)) P(t)dt
0

[3:3()]
Whereq > 0,0 < g <1landy:(0,1) - (0,1),(0,1] is a aligning which is the sum on each compact subclass of [0,+], is
lebesgue integrable and Non-destructive, such that

Jellj(t)dt >0,Ve>0 [3.3(iD)]
0

fa(s(zx),s@y),s(zz))
0
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Where q € (0, 1/2] then &v is an exclusive invariant point of mapping S and S™ is G- unceasing at &v.

Corrolary 3.4: Suppose a metric (U, G) space be G- Complete or it is Complete G-Metric then for a mapping S : U —» U which
gratifies the subsequent axioms for all x,y,z € U, then
G (&x,SP (€x),5P (§x))+G (Ey.SP (£3).5P (8x)),
G(5y,SP(53),5P (§2))+G (52,57 (§2),5P (§y)),
POdt < g max f 6(52.57 (62).57 (6)) 6 (5057 (601,57 () )y (1) dit

0
[3.4()]
Whereq > 0,0 < g <1landy :(0,1) - (0,1),(0,1] is a aligning which is the sum on each compact subclass of [0, +], is
lebesgue integrable and Non-destructive, such that

few(t)dt >0,V€E>0 [3.4(i1)]

fc(sp(‘éx),s?’(zy),sp(zz))
0

Where q € (O, 1/2] then v is an exclusive invariant point of mapping S and S? is G- unceasing at &v.

Theorem 3.5: Suppose a metric (U, G) space be G- Complete or it is Complete G-metric then for a mapping S : U —» U which
gratifies the subsequent axioms for all &x, £y, &z € U, then

G(82,5(5y).5(5y))+G (5x,5(§3).5(§¥)),

{ 6(£2,5(82),5((2))+G (8x,5(§2),5(£2)), }
[26(Ey,S(&x),S(8x))] [26 (82,5 (Ex),S (€x))] P(Ddt

G(S(Ex),5(8y).5(€2))
f Y(t)dt < qmax f
0

0

[3:5(1)]
Whereq > 0,0< g <1landy:(0,1) - (0,1),(0,1] is a aligning which is the sum on each compact subclass of [0,+], is
lebesgue integrable and Non-destructive, such that

f Bt > 0 v E> 0 [3.5(i0)]
0

Where q € (0, 1/3] then v is a exclusive invariant point of mapping S and S is G- continuous at v.
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