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ABSTRACT

The present work considered solidifications of liquid inside
cylindrical for five different value of latent heat parameter
(a). The main aim of this work is to develop the
approximate analytical formulas for solving problems of
solidifications of liquids at their melting temperature(T,,)
kept inside cylindrical vessels whose walls are maintained at
constant wall temperature (Ty) such that (Tw<Ty) and to
predict the solid-liquid interface position at any time. In this
work the fifth order runga-kutta method has been used for
solving the system of equation for the same problem
obtained by the heat balance integral method incorporating
special sub division. The result obtained by the above two
methods have been compaired and an estimate of the error
analysis has been carried out.

keywords:-solidification in cylindrical region, moving
boundary problem, runga-kutta method, approximate
method.

I. INTRODUCTION

There is a considerable concept in the group of problems
known as Stefan’s problem. There is comparatively little
information of an analytical or approximate technique
available and so the development of numerical method to
deal with the Stefan’s problems is highly desirable.
Transient heat conduction problem involving melting and
solidification  generally referred to as  “phase-
change”or“moving-boundary” problems are important in
many engineering applications such as in the making of ice,
freezing of food, the solidification of metal in casting , and
the, cooling of the large masses of the igneous rocks.The
solution of this problem inherently difficult because the
interface between the solid and the liquid phases is moving
the latent heat absorbed or released at the interface.
Heat transfer problem involving the phase changes can be of
two types.
(1.) When whole liquid is at its melting temperature that is
no convection phenomenon in liquid region
(2.) The liquid is at higher temperature than its melting
point and the convection phenomenon is included.
One of the most powerful solution techniques for the phase
change problem is the heat balance integral method. In this
method the heat conduction equation is approximated by an
overall energy balance at regions of interest in both phases.
With an assumed temperature profile an in conjunction with
the energy balance condition at the phase front ,a system of
differential equation are obtained and approximate solution
for the interface location and other important physical
parameter are than generated.
T.R.Goodman and Boston Mass[1] in 1958 presented n
approximate mathematical method for solving heat- transfer

problems utilizing the heat- balance integral and applied five
problems involving a change of phase.

A refinement of the heat balance integral method as
described by the G.E.Bell[2] in 1978 has been successfully
applied to the problem of the solidification of the cylindrical
pipe. G.E.Bell[3] in 1979 predicted the temperature
distribution and the rate of removal of heat by a coolant for
the process of a solidification of a liquid about a cold
isothermal pipe. The author G.E.Bell[4] in 1979 has
demonstrated how the incorporation of special subdivision
overcomes the sensitivity previously observed in the heat
balanced integral method. W.W.Yuen[5] in 1980
applied the heat-balanced integral method to melting
problems with initial sub cooling

N.K Samaria[6] in 1987 studied solidification of liquid
inside a spherical vessel using heat balance integral method
incorporating special subdivisions.

R.S Gupta and Dhirendra Kumar[7] in 1981 extended the
variable time step method. The same author R.S Gupta and
Dhirendra Kumar[8] also soled using the MTVS method an
unconventional moving boundary problem, this solution of a
gas bubble in a liquid.

R.S Gupta and ambreesh Kumar[9]in 1984 presented the
variable time step method for solving moving boundary
problems by transforming the variable space domain.
According to Sheelam mishra[10] in (2013), the aim is to
develop the approximate analytical formulae for solving
problems of solidification of liquids at their melting point
and to predict the solid-liquid interface position at anytime
by using fourth order Runga-Kutta method for the same
problems obtained by the heat-balance integral method.

Il. ANALYTICAL SOLUTIONS BY
APPROXIMATE METHOD.

We considered a liquid being kept inside a cylindrical vessel
whose wall are maintained at a constant temperature (Tw)
such that (Tw<<T,,). Initially the liquid is at temperature T,
such that T; > Ty, It is further assumed that the physical
properties of the solidified material remain constant
throughout the process and there is no change of volume on
solidification. The process of heat conduction from liquid to
wall starts occurring and after a lapse of time “t” the solid
liquid interface reaches at a radius R(t) (which is a function
of time t).

For liquid region

#Tnt) TaTyrt) 1 8T(nt)

gr? r dr 3 4t
0< r<R(t),t>0 forinside solidification

For solidified region
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R(t) < r<a,t>0 for inside solidification.
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CYLINDRICAL WALL

INTERFACE

FIG. 2.1a :— SPECIFICATION OF CYLINDRICAL PROBL
(INWARD SOLIDIFCATION)

The value of I is 1 for cylindrical vessels
The boundary condition for the general case for above
solidification problem will be.
For inside solidification problem.

Iﬂ]‘] ':.l", tJ

=0 atr=0,t=0
ar

T,r.t) =Tirnt) =Ty at r=R{t.t=0
T,(r.t) =T, at r=a,t>0

At solid-liquid interface

LY OGNy dRGL)
5 ar 1™ ar Pste ™ gt

Atr= R(t),t>0 for inside cases of solidification.
So the initial conditions are.
At t=0, T(r,t)= To=T, for all r, t=0 , R(0)=a

The above problem has been simplified by considering that
the initial temperature T,, of the liquid is equal to constant,
so the variation of temperature in the liquid region becomes
zero. The equation of solidified region is applicable given by
the simplified statement of the problem as:

FT,rt) TaT,r.t) 18T,(rt)

grl r dr  a, Bt
So the boundary conditions are.
R(t) <r<a, t >0 for inside solidification.
Ts(r,t)=Tyatr=a, t>0 for inside solidification problem.
T (r,t)= Ty at r=R(t), t>0 for inside solidification problem.

AT, (r. 1) dR(r. 1)
K oL
T ar Pste ™ ¢

Atr=R(t), t>0 for inside cases of solidification .
The initial condition is given by.

Ty (rt)=Tpatt=0, atallr.

R()=a
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The following non dimensional parameter has been adopted
in order to generalize the problem so the equation becomes.

fu(zt) Tou(zt) Bufz.r)
fz? +z dz &z

(1)
Z(t) <z <1, 1> 0 for inside solidification..

The boundary condition for inside cases of solidification
process are given as.

ulz.t) =0atz=11>0 2
ulz.t) =latz={)1=0 (©)]
fulz 1) dzlz)
32 =a P stz =Z(tht=10 ()
Where,
1 L,

a==—=——
ste.  Cs(Ty — Ty)

a is non dimensional latent heat parameter with initial
condition given as .

U(z,0)=1,atr=0 for all z 5)
Z(0)=1

For approximate solution of the problem we assume that the
time dependence of the temperature in the solidified region
can be neglected.
So the temperature profile in the solidified region can be
assumed to be stationary for the time being. This enables us
to derive the analytical formulae for the temperature
distribution in radial direction. From this temperature profile
we get the value of temperature gradient du(z)/0z at z=Z(t),
and also we can get an expression for t in terms of Z(t).
Since,
du(z) . du(z)

gt dz

du(z)

gt
By applying the approximation the equation reduces to,

iz 1) +£ﬂu{z, ) dufz.r)

fz? z dz fz ()

With boundary condition
uiz)=0atz=1,>0 @)
u(z)=1atz=27(t), >0 (8)

ﬂu{z,r_]_ gzlz) - 70
32 =a P atz=Zlt),t =10 )

And initial conditions,

u(z)=1at z=0 for all z (10)
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z(0)=1
2.1 Cylindrical problem:

The analytical solution for cylindrical problem can be
obtained from eqn. (6) by substituting r=1 with boundary
conditions, (7) to (10) and is given as:

d'ulz) 1du(z) 0

dz* * z dz (1
With boundary conditions,
U(z)=0at z=1, r>0 (12)
U(z)=1 at z=Z(1), ©>0 (13)
duE - dz—'_d' at z=7Z(t), ™0 (14)
dz dz
And initial conditions
U(z)=1 at =0 for all z (15)

Z(0)=1
The solution for predicting interface position at any time can
be formulated as follows:
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du(z)| _dZ(7)
dz |- Z) = a dt
1 dZ{t)

“I@nzE © do

Or dt =a Z(t)ln Z(z) dZ(1)

Z(T)

= IIJ‘ Z(t) InZ{x}dZ (1)
1

We know that

fF(x]g{x]dz:F{xjfg{x]dx—ff{xjdxfg{ﬂd{xj

Now, [InZ(g)dZ(z) =Z(t)InZ(x) — Z(7)
J‘Z{rj InZ(z)dZ(7)

= ZD[Z(E) Inz() — 2(0] - J‘ 1[z2() In Z(x) — Z(x) 1dZ(1)

= Z(tP In Z{1) — Z(7)* - J‘ Z(tyn Z(dZ(t) + J‘ Z(t) dZ(T)
2 [T m Z(DdZ(x) = Z)P ImZ(D) — Z()* 4
or Z(n)?*/2

(2% 1nZ (=) m?
or Z(2) InZ(x) dz(x) = 2228 20

4
P . 2,7 . _
of, "L IMIMdID = m['-‘-f""‘—%] -
d 1 duz) _1 )
dz [Z dz 1~ o or { 4}
on integrating above equation, 1
=nq—[2 : — :
du(z) dufzy _ C4 U-‘P[_Z{r:] lnZ(d) — Z(9)* +1]
ET: ;  or T:? Z(T)
vT=a J‘ Z(z}dZ(T)
Again after integrating : o o
1= atZ=1Zlz
4221 InZ() — Z(1)* + 1] 17
u@) =l Fdz + C; =ul@ =C; In+C, (17)
_ N Approximate time for complete solidification (when Z(t)=0)
using the boundary condition, is given by (for inside solidification only). T=0/4=1/4
ste.
u(z)=1 at z=Z(1)
The equation for heat flow rate through the wall of
u(z)=0atz=1 cylindrical vessel can be formulated as:
we get Q=-KA(dT/dr)
—_ —_ i = = =
C,=0 C= mzZm atr=a, z=r/a=1
Inz Q, _ _EEKSE':Tm_Tw:'dU':Z}_
= - a dz '’
ulz) nZe) (16)
du(z)| du(z)
After integrating egn. (16), we get [ = | 4 (18)
du(z 1 — 21
{:]z:Z{r:]:— Q:ﬁ
dz Z(1) InZ(1) C zln Z(x)
Also from eqgn. (14) at interface Eqn.(17) and (18) are applicable for case of inside
solidification processes.
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I1l.  HEAT BALANCE INTEGRAL
TRANSFORMATION TECHNIQUE:

In this technique the non dimensional temperature u from
u=0 to 1 is sub divided into an equal, interval such that at iy,
interval:

u=i/n,i=0,1,2.............. n
A penetration variable is associated with each isotherm
created by the sub division. The position of each isotherm u;
denoted by penetration variable z; (tr)such that Z, (r)=1
constant for all T and Z, (t)=z(t) is the position of solid
liquid interface.
The equation (1) is reproduced as.

84u l'ﬂu fu
-+
gz =z 63 ﬂr

(1%)

FIG. 2.10 i~ SUB-DMSION OF THE NON-DIMENSIONAL TEMPRATURE (u)

u,= 10
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iz z(z — Z;)
uz = — p—
(&g — &4)
Bist Zitt[ig zf -7z
[ es [_+_'d
J;i . : Zj n ﬂ{zi+l - ZI:] :
i _ .
= E [Zi‘+1 - Zi I+ [Z|+1 i zi+1.zi:|

T g
L a(uz]dz- [7Z|+13|+1 _ZZ]+ [=}ZIHZI+i 2% -T, L~ Ty L)

IEH d (uz}d f e ('-123"512 +- Z Y
i+1

_E]+1El+1 (2{]}

i 1
=1 [Zis1 Zipy — LT + o (47,1 Zivs = 25T = Ty Ty = Tius I

[ZZ :'+'J.Z 2
oL T T dikt b

j+1 &
2T uz)dz = - = (224,74, + 23,7 +
Z|+].z + Z|+].z] {21]

At the interface,

7=7,=7(1)
U=l Zg=1
Bu 8z,

e =o
ﬂzlz'zn at

Zist g Zis1 g
J‘ E(uz]dz = J‘ a(uz]dz + Ity Zpy —ZoupZy  from egqn. (20)
z z

. 1 From fig (2)
[ . | U — Uy 1_ -~
FG. 2.1b == S.B:DMW M‘”T\(RH;INSIM;G \.Alﬁnlsﬂlﬂm uu - u Zu - z
- - g - - - Or
Figure 2. Specification of cylindrical vessels 1 Z,—=z
u, —
17, -z n Z,—Z,_4
.'.ui+1—u=—m or
N Liyg i S 1 Z,-—-=z
1 Zu.-z " n L, -Z,,
U=, —— or )
n Zjg — g Zpz—z°
uz - = -
it1 1 Za,—z n(Zy — Zp-,)
= - or
n LA
én tn Ipz—z°
or f (uz)dz = f [z -
i z—Z; Zn 1 Zn-1 ni{Z, — Z,_ 1.:]
u_ﬂ+ﬂ{2[+1—2[] _[z‘ ;. ]_ 1 Zu_zﬂ—l_zﬁ_zﬁ—l
2 U nE, -l 2 3
or
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b (% 1 1
— f () 2 = 50 Ty = U~ = Wyl + Tyl + Tl = 4]
: 2

n-1
[Ty Ty — Tn_yZp_4] .
n~n_ “n-i*n-1i _6r1

[EZD IntIngIn+Inly - ‘}Zu—izu—l.]

g [én g [in
a[ (uz)dz = af (uz)dz + 7,7, qup 4 — 2,7 uy
Zn- In-1

= [zu zn - zn—izu—l.] - a [EZD z|:| + Zu—izn + z|:| zu—i - ‘1'Z|:|—1.Z|:|—1.:|
n —
+—ZnsZa-1Zn I
in g 1
J a(uz] dz = —alzzuzu + 20 Ty H LT+ T @2)
In-i

3.1. Cylindrical problems:

From equation (19) we get the equation of temperature
distribution for cylindrical problem by substituting =1
#4u

ldu du
gzt +

zdz dwz
Multiply through out by z

8%u  fu du

2922 T3z ‘o
d ﬂu] du  8(uz)
dzldz Elr at

Integrating over each sub region Z;to Z;.;, we get,
£2] 5 L1 3
J‘. z] J‘ ﬂ rz

~LHS= r” J [uz] dz

z du=
= [Zi+1ﬂﬂ_u —Z :?u]
i+l i
=Z, 1 —Z 1
n(Ziy —Ziy1) nldig — )
LHS=Z,, : 7!
(i —Ziy1)  nlZig — )
I d 1
L E{uﬂ dz = — allzzmzm + 2T T+ L7 + 2 2]
+L.H.S=R.H.S
7—'1'+1n(z1_+11_ ZM)—Zi n(ZMl 7 —él 0%y Z + 2LZ + LT 1 L Z)

From equation (23)
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d
fz

ﬂu] 8{uz)

gzl 8t

Integrating above equation
L2 5 T 21 8
J‘. z] J‘ ﬂrz

L2138
.'.L.H.S:J‘ -—
z E.lrz[ uz]dz

du u du,_
— L _ L
=207, =% = Z
[ ﬂz] -1 L az lI'L-' -1 8Z;_1

Zn—l

~LHS= znmzn—m
1 -

R.H.S:F E(usz.z:

1
P - al[zznzn'l' VARVARE AV AR Zn—lzn:|
-1

Equating L.H.S=R.H.S

=Z [{1 + En'l:]zn + Z11—1J +Z,, I:2211—1 + Zn:]

_ zr11—1
nZ, —Z,_1)
(23fori=n-1
Thus following set of equations is obtained.
z02z,+1] i fori= 0 24
iati=z 777 e @4)
6Z; 6Z;,
Zi 1 12Z; LI+ EI2Z+ 7, )= - 15
1+1[ i+1t 1]+ 1[ it 1+1:| Zo-Z Za-Zy, (
Fori=1,23.......... n-2
6Z,_,

2+ 6nw)Z + 2]+ 2,07, +Z) = (26)

Zn - Z11—1

Heat flow rate through the wall of cylindrical vessel can be

derived as:

Atr=a, Zs=1
aT

Q= —EAT

8T,
Q= _KiATL‘:a

= —En}{i{TE— T“:IZ_L'[ v (Zy =1)

= |1=Z:|

+2aK, (Ty — T, )/m(l — Z;)
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_ 27K, L, }
- T aCa(l-Z @7

g 1:]
Equation (24) to (27) are applicable for inside solidification
processes

3.2 Statement of the problem:

We have choosen cylindrical vessel of radius a= 28 cm =
0.28m and have consider its unit length (1m). Water has
been choosen as liquid at 0°C and the problem of ice
formation has been tackled for five different values of wall
temperature ize, T,,= -8°C, -10°C, -20°C, -30°C and -40°C.

The properties of ice at 0°C has been taken as:

K=2.2x107 KW/Mk
ps=913 Kg/m®
C=1.93 KJ/Kg K
a,=1.26x10° m?/sec
L= 334.88 KJ/Kg

From these properties of ice the four different values of
latent heat parameter has been calculated for five different
values of wall temperature’T,,” by the formula.

p— Li
B [CE{T:I]'_ - T:':]]

o

we have sub divided u=0 to 1 into seven equal intervals.

For the purpose of solving the problems of cylindrical vessel
the starting values of Z; has been taken as 0.95 for inside
solidification.

3.3 Cylindrical problems:

The value of another penetration variable (Z,, Z,, Z3 24 Zs,
Zs) have been calculated by the approximate analytical
method. (from the egn. (16).

= hz
T IZIt IZ

~ulz)

for inside problems.

Starting time has been calculated corresponding to different
value of a by the eqn. (17)

1 S .
W=y [2Z° (O mZ{) — Z* (D) + 1] for inside case

IV. USE OF RUNGA-KUTTA
FOURTH ORDER METHOD:

Numerical solution for the system of equation obtained from
the heat balanced integral method for cylindrical, inside
solidification process is obtained by using fourth order
runga kutta method.
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We sub divided u=0 to 1 into 7 equal intervals such that the
at iy interval u=i/7 and i=0,1,2........ 7

4.1. Cylindrical problems:

From equations (25) and (26), we have

62 6Z;,

VAR PARE AR AR AR L -
T T B - L -

Fori=1,2,3....... 6

ISZ11—1

z11 - z11—1

forn=17

Z [{2 + '511'1]21 + Z11-1:| + Z11-1{1211-1 + Z11:] =

For the sake of computational convenience we have
simplified above equations by

following substitutions.

At is denoted by T

Zi.1 is denoted by Z(J)

Z, is denoted by Z(J) where i=J-1

dZ:
Zir = d—‘:l is denoted by ZD(T)

After these substitution, applying runga-kutta method (for
j=2t08),

We get,

BZ(T—1)
ZH-zG -1

Let A(T) =
B(J)=2Z(3)+Z(3-1)=P.Z(3).W(J)

Where P=6no=6x70=42a

W(J)=0 for J=2to 7

C()=22(3-1)+2()
~ZD()=[A@)-A(I+1)-ZD(3-1).C()))/B(J)
Where A(J+1)=0 for J=8

Q1(9)=zD().T

ZA(J)=Z(3)+Q1(J)/2

6ZA(T— 1)
ZAD —ZA(T-1)

AlD =

B1(J)=2ZA(J)+ZA(J-1)+P.ZA(J).W(J)
C1()=2ZA@-1)+ZA()
~ZAD(@)=[A1(J)-A1(J+1)-ZAD(J-1).C1(3)]/B1(J)

Where A1(J+1)=0 for J=8
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Q2(J)=ZAD(J).T
ZB(J)=2(3)+Q2(J)/2

6ZB(T —1)

A2 = ZB(T) — ZBUJ — 1)

B2(J)=2ZB(J)+ZB(J-1)=P.ZB(J).W(J)
C2(J)=2ZB(J-1)+ZB(J)

~ZBD(J)=[A2(J)-A2(J+1)-ZBD(J-1).C2(J)]/B2(J)
Where A2(J+1)=0 for J=8

Q3())=ZBD(J).T
ZC(3)=2())+Q3(J)/2

_ 6ZCU-1)
T ZC -z -1)

A3(T)
B3(J)=2ZC(J)+ZC(J-1)=P.ZC(J).W(J)
C3(J)=2ZC(J-1)+ZC(J)

~ZCDQ)=[A3(J)-A3(J+1)-ZCD(I-1).C3(3))/B3()

i+1

Zi=——
i+1 dr

iz denoted by ZD(T)

After these substitution, applying runga-kutta method (for

j=2t08),
We get,

BZ(T—1)
zZM-zG -1

Let A(J) =
B(J)=2Z(3)+Z(3-1)=P.Z(3).W(J)

Where P=6no=6x70=42a

W(3)=0 for J=2 to 7

C(2)=22(3-1)+2(J)
~ZD@)=[AQ)-A(I+1)-ZD(I-1).C()I/B)
Where A(J+1)=0 for J=8

Q1(3)=zD(J).T

ZA(J)=Z())+Q1(J)/2

Where A3(J+1)=0 for J=8 _ BZA(T-1)
Al = ZA(T - ZA(T- 1)
Q4(J)=2CD().T
B1(J)=2ZA(J)+ZA(J-1)+P.ZA(J).W())
QLI +20Q201) +20Q3(1) + Q4N
6 C1(J)=2ZA(J-1)+ZA(J)

2 ZMgy.. = ZMg, +

Which is applicable for inside solidification process. ~ZAD(J)=[AL(J)-Al(J+1)-ZAD(J-1).C1(J)]}/B1(J)

V. USE OF RUNGA KUTTA FIFTH
ORDER METHOD

Numerical solution for the system of equation obtained from
the heat balanced integral method for cylindrical , inside
solidification process is obtained by using fifth order runga- §ZB(T—1)
kutta method.We sub divided u=0 to 1 into 7 equal intervals A2(T) = 7B —zBU — 1)
such that the at iy, interval u=i/7 and i=0,1,2........ 7

5.1 Cylindrical problems:

From equations (25) and (26), we have

ZDZ 4 L+ Z0Z 4 7] = i
il Loy + 430+ £5lodi + £y T Z2,-Z Za-Z,
Fori=1,2,3....... 6

L2 +6n)Z +2, ]+ 2,07, +Z)=

Where A1(J+1)=0 for J=8
Q2(J)=ZAD().T

ZB(3)=2(3)+Q2(J)/2

B2(J)=2ZB(J)+ZB(J-1)=P.ZB(J).W(J)

C2(3)=2ZB(J-1)+ZB(J)

~ZBD(J)=[A2(J)-A2(J+1)-ZBD(J-1).C2(J)]/B2(J)
67, Where A2(J+1)=0 for J=8
forn=7
zn - Z11 1

Q3(J)=zBD(J).T

For the sake of computational convenience we have

simplified above equations by following substitutions. ZCU)=Z()*+Q3()/2

. BZCIT—1)
At is denoted by T =
Y 30 Ze —zer - 1)
Zi.q is denoted by Z(J)
B3(J)=2ZC(J)+ZC(J-1)=P.ZC(J).W(J)
Z, is denoted by Z(J) where i=J-1
C3(J)=22C(J-1)+ZC(J)
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~ZCD(J)=[A3(J)-A3(J+1)-ZCD(I-1).C3(3))/B3(J)
Where A3(J+1)=0 for J=8

Q4(J)=2CD(J).T

ZD(9)=Z(3)+Q4(J)/2

BZDIT — 1)

M0 = G D
B4(J)=2ZD(J)+ZD(3-1)=P.ZD(3).W(J)

C4(J)=2ZD(J-1)+ZCD()
~ZDD(@)=[A4(J)-A4(J+1)-ZDD(J-1).CA(J))/B4A()
Where A4(J+1)=0 for J=8

Q5(J)=zDD(J).T

ZE(3)=Z(3)+Q5(J)/2

SZE(T— 1)
ZE(T) — ZE(T— 1}

AS(D) =

B5(J)=2ZE(J)+ZE(J-1)=P.ZE(J).W(J)
C4(J)=2ZE(J-1)+ZED(J)
~ZED(J)=[A5(J)-A5(J+1)-ZED(J-1).C5(J))/B5(J)
Where A5(J+1)=0 for J=8

Q6(J)=ZED(J).T

ZF(9)=2(3)+Q6(J)/2

GZF(T—1)
ZF(I) — ZF(J — 1)

AS(T =

B6(J)=2ZF(J)+ZF(J-1)=P.ZF(J).W(J)
C6(J)=2ZF(J-1)+ZFD(J)
~ZFD(J)=[A6(J)-A6(J+1)-ZFD(J-1).C6(J)]/B6(J)

Where A6(J+1)=0 for J=8

TQLIT) + 320301 + 120407) + 320Q3G) + e,
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order rungaa kutta method. Although a number of
assumption have been made in the problem specification and
change of flux has been approximated by the discontinues
change in the adjacent profile gradiants. The acceptable
estimate of both the temperture and the flux have been
obtained by using small subdivision (n=7) and incremental
time (initial t=2x10™2). An approximate analytical approach
has been made to pridict solid liquid interface position at
any time. Results obtained by both numerical and analytical
method, have been compaired and an estimate of the error
has been established, and by applying Runga-Kutta fifth
method to be the more correct.The result show that the
percentage of error while using approximate analytical
method is less for higher values of latent heat parameter and
higher for lower values. The percentage error €=0% at 0=9.3
for inside solidification process of cylindrical vessel
respectively. The percentage error becomes infinite when a
is reduced below 4.0 for cylindrical inside vessel inside
case. Thus , approximate analytical solution can be adopted
for higher values of a with a maximum error encountered
which has been shown in the table 1.

Solidification of liquid inside cylindrical vessel

—e— Rungakutta 4 Method| =21.669)
=== Rungakutta § Method| =21.665)
—+— Rungekutta 4 Method| =17.351)
== Rungakutta § Method(=17.351)
—o— Rungekutta 4 Method(=8.675)
lhoc(=6675)
—+— Rungakutta 4 Method(=5.784)
=== Rungakutta § Method(=5.784)
=== Rungakutta 4 Method(=4.338)
=== Rungakutta § Method(=4.3%8)

I |
5 6

Figure 3. Comparison of variation of solidified region with time
for different values of latent heat parameter (o) for cylindrical
vessel.

Solidification of liquid inside cylindrical vessel

==+~ Rungakulta Method=4 336)

[Q(watt)]
»

ﬁﬂ; 4. Comparison of rate of heat out through the wall of

& Z(T) |T-:|—T = Z(J) |T.:. + 20
Which is applicable for inside solidification process.

VI. CONCLUSION

The main of this work is to pridict the time required for the
complition of a solidification process and also to pridict the
temperature distribution in the solidified region of a liquid
kept inside cylindrical whose wall are maintained and
constant sub melting temperature. The heat balance integral
technique incorporating special subdivision has been used
and the obtained system of equation has been solved by fifth

cylindrical vessel for different values of latent heat parameter
(o).

The result show that the percentage of error while using
approximate analytical method is less for higher values of
latent heat parameter and higher for lower values. The
percentage error e=0% at 0=9.3 and &=0% at 0=10.0 for
inside solidification process of cylindrical vessel
respectively.
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Figure 5. Variation of percentage errors in complete
solidification time for different values of latent heat parameter
(a) for cylindrical vessels.

Table 1. Complete solidification times for different values of
latent heat parameters (o) by approximate methods, Runga-
Kutta fourth and Runga-Kutta fifth order method for inside
cylindrical solidification processes.

A Tsrg Tsa Tes % error(eRy) %error
(ers)
4,338 | 1.17 1.08 | 1.26 7.69 7.14
5.784 | 1.51 1.47 | 1.53 2.65 1.62
8.675 | 218 | 217 | 219 0.46 0.45
17.351 | 420 | 4.34 | 4.06 -3.33 -3.44
21.689 | 520 | 5.42 | 4.98 -4.23 -4.41
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