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Abstract

In this paper,We prove a fixed point theorem for a commuting maps and our result generalize and extend some recent results for non

Archimedean intuitionistic fuzzy 3 metric spaces.
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1. Introduction

Zadeh [24] introduced the concept of fuzzy metric space in
1965.Many authors have developed the theory of fuzzy sets
and applications .Deng [23], Erceg[12],Kaleva and Seikkala
[16] and many authors gave the concept of fuzzy metric space
in different ways.Grabiec[14] introduced the fixed point
theory in fuzzy metric space.Atanassov gave the concept of
intuitionistic fuzzy metric sets as a generalization of fuzzy
sets.The concept of intuitionistic fuzzy metric space with the
help of continuous t-norms and continuous t-conorms is given
by Park[10] in 2004.Then using the idea of intuitionistic fuzzy
metric sets Alaca et al. defined the notion of intuitionistic
fuzzy metric space with the help of continuous t-norms and
continuous t-conorms as a generalization of fuzzy metric
space due to Kramosil and Michalek [9] in 2006.After that
Jungck’[8] common fixed point theorem of intuitionistic fuzzy
metric space for commuting mappings.The concept of fuzzy 2-
metric space is given by Sushil Sharma[21] in 2002 and he
also proved common fixed point theorem in fuzzy 2-metric
space.We introduce the concept of non Archimedean
intuitionistic fuzzy 3 metric spaces by using the concept of
Archimedean fuzzy metric space by Dorel Mihet[4],Sushil
Sharma[21] and Renu Chugh and Sumitra[17] .

2. Preliminaries

Definition 2.1[15] A binary operation=: [0,1] x [0,1] — [0,1]
is continuous t-norm if * satisfies the following conditions:

(1 * is commutative and associative;

(i) *is continuous ;

(iii) a*1=aVael0,1]

(iv) a, *b; < a, xb, whenever a;, <a,,b; < b,
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Yaq, by, a,,b, € 0,1].
Definition 2.2[15] A binary operatione: [0,1] x [0,1] = [0,1]
is continuous t-co norm if ¢ satisfies the following conditions:

(i) o is commutative and associative;

(i) ois continuous ;

(iii) ao0=aVael0,1]

(iv) a, *b; < a, o b, whenevera, <a,,b; <b,

VYay, by, a,,b, €[0,1].
Definition 2.3[6]. A 5-tuple (X,M,N,x,) is called a non
Archimedean intuitionistic fuzzy metric space if X is an
arbitrary set, =is a continuous t-norm, o is continuous t-
conorm and M,N are intuitionistic fuzzy sets on X2 x
[0,00) satisfying the following conditions
(M (x,y,t) + N(x,y,t) <1 Vx,yeXand t > 0.
(iDM(x,y,0) =0 Vx,y eX
(ii)M(x,y,t) =1,Vx,yeX andt > 0iffx =y
(IV)M(x,y,t) = M(y,x,t) Vx,yeX andt > 0
(VM (x,y, max{t;, t,}) = M(x,y,t;) * M(y,z,t;)
Vx,y,zeX and t;,t, >0
(Vi)M(x,y,.): [0,00) = [0,1] is left continuous Vx,y eX
(vii) lim;_, M(x,y,t) = 1
(viii) N(x,y,0) = 1
(IX) N(x,y,t) =0,Vx,yeX and t > 0iffx =y
(X)N(x,y,t) =N(y,x,t) Vx,yeX andt >0
(Xi)N (x, y, min{ty, £,}) < N(x,y,t1) o N(y, 2, t3)
Vx,y,zeX and t;,t, >0
(xii) N(x,y,0) : [0,0) = [0,1] is right continuous
(xiii) lim;_, N(x,y,t) = 0.
Then (M,N) is called an intuitionistic fuzzy metric space on
X.The functions M (x,y,t) and N(x,y, t) denote the degree of
nearness and the degree of non nearness between x and y with
respect to t respectively.
Definition 2.4[7].Let(X, M, N,x,0) be a non Archimedean
intuitionistic fuzzy metric space then
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a sequence {x, } in X is said to be

(i)Convergent to a point x € X if
lim, o M(x,, x;t) =1 and
lim, o N(x,,x;t) =0 V t>0.

(i) Cauchy sequence if

limn_mM(anrp,xn; t) =1 and
limy, o N(%p4p, %,5t) =0 VE>0andp > 0.
Definition 2.5 Let (X,M,N,x¢) be a non Archimedean
intuitionistic fuzzy metric space then it is said to be complete if
and only if every Cauchy sequence is convergent in X .
Definition 2.6.A function M is continuous in non
Archimedean intuitionistic ~ fuzzy —metric  space iff
whenever x, = x,y, =y then lim,,_,, M(x,, y,, t) =
M(x,y,t) and lim,,_,,, N(x,, yp,t) = N(x,y,t) Vt>0.

Definition 2.7[6]. A binary operation*:[0,1] x [0,1] X
[0,1] = [0,1] is continuous t-norm if * satisfies the following
conditions:
(i)* is commutative and associative;
(i) xis continuous ;
(ii)a* 1 = a V ae[0,1]
(iv) a; * by * ¢, < a, * b, xc, Whenever a; < a,,b; <
b,,c; <c,
Yaq, by, ci,a,,b,,c, €0,1].
Definition 2.8[6]. A binary operatione:[0,1] x [0,1] X
[0,1] = [0,1] is continuous t-conorm ife satisfies the
following conditions:
(i)e is commutative and associative;
(ii)ois continuous ;
(iida o 0 = a Vv ael0,1]
(iv) ayobiocy <a,ob,oc, whenever a; <a,,b; <
b,,c; <c,
Yaq, by, c1,a,,b,,c, €[0,1].

Definition 2.9[6]. A 5-tuple (X,M,N,*,0) is called a non
Archimedean intuitionistic fuzzy 2 metric space if X is an
arbitrary set, =is a continuous t-norm, ¢ is continuous t-
conorm and M,N are intuitionistic fuzzy sets on X3 X
[0,0) satisfying the following conditions V x,y,z,u € X and
ty,tyt3>0

MM (x,y,2z,t) + N(x,y,z,t) < 1

(iDM(x,y,2z;0) =0

(ii)M(x,y,z;t) = 1,t > 0 and when at least two of the three
points are equal (VM (x,y,z;t) = M(x,z,y;t) =
M(z,y,x;t)
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(VM (x,y, z; max{t,, t,, t3}) =

MQx,y,u;t,) * M(x,u, z; t5) * M(u,y,2; t3)

(V)M (x,y,z;*) : [0,0) = [0,1] is left continuous.

(vii) lim, M(x,y,2z; t) = 1

(Vi) N(x,y,z; 0) = 1

(iX) N(x,y,z;t) = 0,t > 0and when at least two of the three
points are equal (X)N(x,y,z;t) = N(x,z,y;t) =
N(z,y,x;t)

(Xi)N(x,y,z; min{t, t,, t3}) < N(x,y,u;t1) o N(x,u,z; t,) ©
N(w,y,z; t3)

(xii) N(x,y,z;0) : [0,00) = [0,1] is right continuous

(xiii) lim,,, N(x,y,z; t) = 0.

Definition 2.10[7].Let (X, M, N,*,0) be a non Archimedean
intuitionistic fuzzy 2 metric space then
a sequence {x, } in X is said to be

(i)Convergent to a point x € X if
limy, o M(x,, x,a;t) =1 and
lim, . N(x,,x,a;t)=0 Va€eX,t>0.

(ii) Cauchy sequence if
limn_,wM(anrp,xn,a; t) =1 and
lim,,_., N(Xp4p Xp,a;t) =0 Va€X,t>0andp > 0.

Definition 2.11[13] Let (X, M, N,x,0) be a non Archimedean
intuitionistic fuzzy 2 metric space then it is said to be complete
if and only if every Cauchy sequence is convergent in X .

Definition 2.12[13] A function M is continuous in non
Archimedean intuitionistic fuzzy 2 metric space iff whenever
Xp = XY, =y then lim,_, M(x,, y,, a;t) = M(x,y,a;t)
and lim,,_, N(x,, y,,a;t) = N(x,y,a;t) Va € XandVt >
0.
Definition 2.13[22] A binary operation*: [0,1] x [0,1] X
[0,1] x [0,1] — [0,1] is continuous t-norm if * satisfies the
following conditions:

(i)* is commutative and associative;

(i) =is continuous ;

(iii)a * 1 = a V ae[0,1]

(iv) a, *byxcyxdy <a, xby, *c, xd,

a; <ay,b;<b,,c; <cydy £d,

VYay, by, c1,dq,a,,by,c5,d, €[0,1] .

whenever

Definition2.14[22]A  binary  operatione: [0,1] x [0,1] X
[0,1] x [0,1] = [0,1] is continuous t-conorm ife satisfies the
following conditions:
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(i)e is commutative and associative;

(ii)eis continuous ;

(iida o 0 = a V ael0,1]

(iv) a;obyociody<a,oby,oc,od,
a; <a,,by <b,,c; <c,,d £d,

Ya,, by, cq,dq,a,,by,c5,d, €10,1] .

Definition 2.15[6]. A 5-tuple (X, M, N,*,¢) is called a non
Archimedean intuitionistic fuzzy 3 metric space if X is an
arbitrary set, =is a continuous t-norm, ¢ is continuous t-
conorm and M,N are intuitionistic fuzzy sets on X*x
[0,) satisfying the following conditions V x,y,z,w,u € X
and ty, t,, ts,t, >0
MOM(x,y,z,w,t) + N(x,y,z,w,t) <1
(M (x,y,z,w;0) =0
(iiM(x,y,z,w;t) = 1,t > 0[Only when the three simplex
(x, v, z, w)degenrate]
(IVIM(x,y,z;t) = M(x,w,z,y;t) = M(y,z,w,x; t) =
M(z,w,x,y;t) =+
(V) M(x,y,z,w; max{t,, t,, t3})
M(x,y,u,w;ty) * M(x,u,z,w;ts) *

whenever

> M(x,y,z,u;t;) *

M(u,y, z,w;t,)
(V)M (x,y,z,w;*) : [0,00) = [0,1] is left continuous.
(vii) lim;_, M(x,y,z,w; t) = 1
(VIiiDN(x,y,z,w; 1) = 1
(IX)N(x,y,z,w;t) = 0,t > 0[Only when the three simplex
(x, v, z, w)degenrate]
(X)N(x,y,z;t) = N(x,w,z,y;t) = Ny, z,w, x; t) =
N(z,w,x,y;t) = -
(V) N(x,y,z,w; min{t,, t,, t3})
N(x,y,u,w;t;) o N(x,u,z,w;ts) o

< N(x,y,z,u;t;) °

N(u,y,z,w;t,)
(VI)N(x,y,z,w;0) : [0,0) = [0,1] is right continuous.
(vii) lim, N(x,y,z,w; t) = 0
Definition 2.16[22].Let (X, M, N,*,0) be a non Archimedean
intuitionistic fuzzy 3 metric space then
A sequence {x, } in X is said to be

(i)Convergent to a point x € X if
lim, ., M(x,, x,a,b;t) =1 and
lim, ., N(x,, x,a,b;t) =0 Va,b€eX,t>0.

(ii) Cauchy sequence if
limn_mM(anrp,xn, a,b; t) =1 and
limy,_., N(Xn4p, Xp,a,b;t) =0 Va€eX,t>0andp > 0.

Definition 2.11[22]Let (X, M, N,*,¢) be a non Archimedean
intuitionistic fuzzy 3 metric space then it is said to be complete
if and only if every Cauchy sequence is convergent in X .
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Definition 2.12[22]A function M is continuous in non
Archimedean intuitionistic fuzzy 3 metric space iff whenever
Xp =2 XV 2 Y then lim,, ., M(x,, Y0, @, b; t) =
M(x,y,a,b;t) and lim,_, N(x,, ¥, a,b;t) = N(x,y,a,b;t)
Va,b e XandVt > 0.

3. Results and Discussion

The following theorem is Jungck’s [8] generalization of the
contraction principle for metric spaces

Theorem 1. Let f be a continuous mapping of a complete
metric space (X, d) into itself and g: X — X be a mapping .If
g &X)cf &)

(if) g commutes with f

(i) d(g(x),g) < ad(f (x),f (¥))for some a € (0,1)
andforall x,y € X.Then f

and g have a unique common fixed point.

Now we give the analogue of the above theorem in non
Archimedean intuitionistic fuzzy 2 metric space .

Theorem 2 Let (X,M,N,x0) be a complete non
Archimedean intuitionistic fuzzy 2  metric space and
f,g:X-X be a mapping satisfying;
@) g X)) cfX)
(ii) f is continuous
(i) M(g(x), g(¥), a;at) = M(f (x),f (), a;t) ¥V x,y €
X,0<a<l1

and lim, M(x,y,a;t) =1

N(g(),g(y),aat) <N (x),f (¥),a;t) ¥V x,y €
X 0<ax<l1

and lim; N(x,y,a;t) =0
Then fand g have a unique common fixed point..
Proof . .Let x, € X.then we can find x; such that f(x,) =
9g(x). By induction, we can define a sequence {x,} in X such
that £ (x,) = g(xn-1).
Taking x = x, and y = x,,_, in (iii) , we have

M(f(xn)i f(xn—l)' a; t) = M(g (xn)' g(xn—l)' a, t)

> M (fCoums), i), 05 )

> M (f(xo), f(r), @)
So for any positive integer p,
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Mf G, f e, @) = M (F o), £ (), f (15 ) *
M (f (o), f (), 45 5) *

M (F G £ (%), @ 2x)
Because lith(f(xo),f(xl),a;;—n):l, it follows that

M(f(xp), f(xtpg) ast) =1x1x1>1
Similarly N(f (x,), f (Xp41), a; t) = N(g(x,), g(xp—1), s t)

< N (FGon) fG @)

N (fGo), fO) @ 5)

So for any positive integer p,
N(f(xn)'f(xrwl)' a, t) <
N (f o), f (), a5 o

(f(xo) f(xp) fx1); 3a")

N (f(xl)'f(xp): a, aLn)
Because lim; N (f(xo),f(xl), a; a—tn) =0, it follows

that N(f (), f(epg1),a;t) < 00000 <0.
Thus {f(x,)} is a Cauchy sequence and by the completeness
of space X, {f (x,,)} converges to y.S0 {g(x,,—1)} = {f (x,)}
converges to y.Also the continuity of f implies the continuity
of g.
So g(f(x,)) converges to g(y) .However g(f(x,)) =
f(g(xn)) by the commutativity of f and g .Thus
f(g9(x) = g).But f(g(x,)) = f(¥). .Because the limits
are unique, So f(y) = g(¥) and f(9 ) = F(f ).
Now again using (iii)
M(g),9(g),a;t) = M (FO), F(90) @ %)

=M (90, 9(9»), ;%)

> M (9, 9(9), @)

907, 9(a») @) > 1
fO).f(gm), a;5)
97, 9(9), )
(g(y) 9(9).a:=)

=

~

N(g),9(g).a;t)

YoumnY

2223
N

N(93),9(9) @) = 0
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Thus g(») = g(9) = f(9(»)). So g(») is a common
fixed point of f and g.
If y and z are two fixed points common to f and g, then
1=2M(y,za;t) = M(g(y),g(2),a;t)

> MO, f@),a7)

=M@©,2,a7)

> M(y,z,a;ﬁ) -1

Similarly 0 < N(y,z,a;t) = N(g(¥),g(2),a;t)
=N, f(2),a79)
=N@,za;)

< N(y,z,a;%) -0
So y=z

Theorem 3 Let (X,M,N,,0) be a complete non
Archimedean intuitionistic fuzzy 3 metric space and f,g: X —
X be a mapping satisfying;
g &X)cfX)
(if) f is continuous
(i) M(g(x),g),a,b;at) = M(f (x),f (), a,b;t) Vv
x,y €EX,0<ax1

and lim, M(x,y,a,b;t) =1

N(g(x),g),a,b;at) < N(f (x),f (v),a,b;t) v
x,y €EX,0<a<1

and lim; N(x,y,a,b;t) =0
Then fand g have a unique common fixed point..
Proof . .Let x, € X.then we can find x; such that f(x;) =
9g(x). By induction, we can define a sequence {x,} in X such
that £ (x) = g(xn-1)-
Taking x = x,, and y = x,,_4 in (iii) , we have

M(f (x), f (xp-1), @, b; t) = M(g(xn), 9(Xpn-1), @, b; t)

> M (o). f ) b5 2)

> M (f(xo), f(r),a,b; %)

So for any positive integer p,

M(f O, f () @ b3 6) = M (F o), (), £ (1) ) *
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M (f Geod, f (), @, bi =) #

M (f(xl),f(xp),a,b;a%)
Because lim, M (f(xo),f(xl), a,b;a—il):l, it follows that
M(f(xn), f(ng1) @, bst) 2 1x1x1 21

Similarly N(f (x;), f (xn41),a, b; t) =
N(g (xn)' g(xn—l)' a, b; t)

< N (f(xn_1)'f(xn)'a'b:£)

< N (G fOa)a,bi %)

So for any positive integer p,

N(f (xn), f (Xp41), 0, b 8) <
N (o) £ (), fGrism) © N (f (o), fer), @, by =) o
N (f(xl),f(xp),a,b;a%)
Because lim; N (f(xo),f(xl), a,b;a—tn) =0, it follows

that N(f (), f(xpy1),a, b;t) < 00000 < 0.
Thus {f(x,)} is a Cauchy sequence and by the completeness
of space X, {f (x,,)} converges to y.So {g(x,_1)} = {f (x)}
converges to y.Also the continuity of f implies the continuity
of g.
So g(f(x,)) converges to g(y) .However g(f(x,))=
f(g(xn)) by the commutativity of f and g .Thus
f(g9(x) = g).But f(g(x,)) = f(¥). .Because the limits
are unique, So f(y) = g(v) and f(g(»)) = F(f)).
Now again using (iii)
M(g),9(9() ab;t) = M(fO),f(9B)).a,b;%)

=M (90, 9(9»), a,b;%)

> M (9, 9(9»), a,b; =)

>M(90),9(90).abi) ~ 1
(o) 9(g0)abit) < N (FO). Fg0)), a.b:2)

=N (907.9(90).a.b;7)

<N (90).9(s0).a.bi %)

<N (90).9(9),a,b;=) -0
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Thus g(y) = g(9() = f(9()). So g(») is a common
fixed point of f and g.
If y and z are two fixed points common to f and g, then
1=2M(y,z,ab;t) =M(g¥),g(2),ab;t)

> M(f(), f(2),a,b;%)

=M(y,2,a,b;-)

> M(y,z,a,b;ﬁ) -1

Similarly 0 < N(y, z,a,b;t) = N(g(y),g(2),a, b; t)
= N(fO), f(2),a,b;7)
:N(y,z,a,b;é)

Soy =z
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