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Abstract :- In this paper we prove common fixed point theorem for four  mappings in fuzzy 

metric space and employing the idea of altering distances ,we extend the notion of       - weak 

contractions in fuzzy metric space using integral type inequality. 
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Introduction:- 

 
In 1965, L.A.Zadeh [27] introduced the concept of fuzzy set. Kramosil and Michalek [17] 

introduced the concept of fuzzy metric space which is modified by George and Veeramani [6,7] 

and they obtained a Hausdorff  Topology on the modified class of fuzzy metric space .Also 

Grabiec [8] first defined the Banach contraction in a fuzzy metric spaces and extended some 

fixed point theorems of Banach and Edelstein to fuzzy metric space. Sharma[23] extended some 

results of fixed point theory for compatible maps in fuzzy metric spaces in 2002,At the similar 

time, Gregory and Sapena [9] introduced the idea of fuzzy contractive mapping and proved fixed 

point theorems in varied classes of complete fuzzy metric spaces.After that Mihet [18] proposed 

a fuzzy fixed point theorem for (weak) Banach contraction in M-complete fuzzy metric spaces, 

he further improved the fixed point theory for various contraction mappings in fuzzy metric 

spaces besides introducing variants of some new contraction mappings. On the other hand, Khan 

et al. [16] employed the idea of altering distance in metric fixed point results in 1984. 

Recently the idea of altering function has been utilized by many authors. The involvement of 

altering distance sometimes requires special type of techniques as the triangular inequality does 

not remain directly applicable. Recently fixed point theorems for   weak contraction in complete 

metric space were proved by Rhodes [21]. 

In this paper, the concept of        weak contractions is introduced in fuzzy metric space and 

the same is utilized to prove results on existence and uniqueness of fixed points for such maps 

using integral type inequality. 
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Preliminaries :- 

 

Definition 1[27]: A fuzzy set is a function   defined on a non empty set   with values in 

       

Definition 2 [16]: A function               is an altering distance function if      is 

monotonically nondecreasing, continuous and        if and only if        
 

Definition 3[22]: A binary operation : [0, 1] × [0, 1] → [0, 1] is a continuous t-norm if it 

satisfies the following conditions: 

(1)   is associative and commutative, 

(2)   is continuous, 

(3)          for every          
(4)             if       and       for all                  
 

Definition 4[6]:The triplet         is a fuzzy metric space where   is an arbitrary set,  is a 

continuous t-norm and   is a fuzzy set in               satisfying the following conditions: 

                  
                             
                           
                                        
                                           
                                 
Here          is generally interpreted as the  measure of nearness between   and   with respect 

to  .Moreover, it is also well known that          is non decreasing for all        .  

 

Definition 5[26]: Let         be a fuzzy metric space. A sequence      in   is said to be a 

Cauchy sequence if for every          and for every      , there is       such that 

                     for every          
 

Definition 6[26]: A sequence      in   is said to be   Cauchy sequence (i.e.Cauchy 

sequence in the sense of Grabiec [8]) if                as    , for every       and for 

every    . 
 

Definition 7[26]: A fuzzy metric space         is said to be complete (respectively  -

complete) if every Cauchy sequence (respectively  -sequence) is convergent. 

 

Remark :-[10] In a metric space      ,if we define (with                  )     

          
   

           
  for every                   where     and   are positive 

real numbers ,then         is a fuzzy metric space.Thus, every metric induces a fuzzy metric. The 

fuzzy metric given by             
 

        
  for every                    is called standard 

fuzzy metric. 
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Definition 8 [26]: Let         be a fuzzy metric space and           be two maps. A 

point   in   is called coincidence point (common fixed point) of   and   if              
          The maps            are weakly Compatible if they commute on the set of their 

coincidence points. 

 

Definition 9 [26]: Let         be a fuzzy metric space and          be a map. The 

map          is called a   -weak contraction with respect to   if there exists a function  

                 With           for       and           such that 

 
 

          
             (

 

          
  )   (

 

          
  ) 

                                                                                                                                              .. … (1) 

holds for every        and each      .If the map   is the identity map, then the map      
  is called a    -weak contraction. 

 

Applying the notion of altering distance function, we adopt the notion of      - weak 

contraction in fuzzy metric spaces. 
 

Definition 10 [26]: Let         be a fuzzy metric space and         be a map. The map   

         is called a     )- weak contraction with respect to   if there exist a function   

                 with           for       and           and an altering distance 

function   such that 

 (
 

          
  )             (

 

          
  )   (

 

          
  ) 

                                                                                                                                ………….(2) 

 

holds for every        and each      . If the map   is the identity map, then the map 

        is called a     )-  weak contraction. Suppose  

 

                                                    
 

Definition 11 [26]: Let         be a fuzzy metric space and                be four 

maps. The pair       is called a generalized     )- weak contraction of integral type with 

respect to       if there exist a function                  with           for       and  

         and an altering distance function   satisfying, for every        and each       the 

condition 

 

∫       
 (

 
          

  )

 

 ∫       
 (

 
          

  )

 

 ∫       
 (

 
          

  )

 

 

                                                                                                                               ……….. (3) 

 

Where                  is a Lebesgue integrable map which is summable on each compact 

subset of [0, ) and such that for all      , 
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           ∫       
 

 
   

 

If      and    , then the map          is called a generalized     )- weak contraction 

of integral type with respect to  . 
 

Main Result : 
 

Theorem 1.Let        be a fuzzy metric space and             be four maps such that the 

pair {A,B} is a generalized     )- weak contraction of integral type with respect to       If  
         ,         ,one of                and      is a  -complete subspace of  , 

then the pairs       and       have a coincidence point each provided    is continuous. 

Moreover,        and   have a unique common fixed point in   provided the pairs       and 

      are weakly compatible. 

 

Proof. Let    be an arbitrary element in   .Since            and          . 

For every     we define the sequence        by                 and       
             . 

We assume that           for some  . 

Then by (3) we have             and so             . 

Therefore the sequence      is Cauchy. The similar conclusion holds if             for some 

   
Suppose         ,    

Then for       and         we have 

                                                                    
                   

                   =                                                       
Therefore if                           we obtain 

 

∫       
 (

 
              

  )

 

 ∫       
 (

 
              

  )

 

 ∫       
 (

 
              

  )

 

 

 

Which implies that    ∫       
              

 
=1, which is a contradiction as            . 

Then we must have            =                  and hence  

 

∫       
 (

 
              

  )

 

 ∫       
 (

 
                

  )

 

 ∫       
 (

 
                

  )

 

 

 

                                                ∫       
 (

 

                
  )

 
. 

By using the previous concept we obtain the same inequality for         and   
     .Consequently if we consider the fact that the function   is non decreasing we have 
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∫         ∫       
            

 

            

 
,      and  hence                is an increasing 

sequence of positive real numbers in      . 

Let       ∫       
            

 
   as       . 

Then we show that             .If not then there exist     such that        .Then on 

taking      in above inequality, we obtain  

 

  

∫       
 (

 
    

  )

 

 ∫       
 (

 
    

  )

 

 ∫       
 (

 
    

  )

 

 

a contradiction .Therefore ∫         
            

 
 as     . 

Now for each positive integer   

∫       
 (         )

 

 ∫       
 (        

 
 
)  (          

 
 
)         (            

 
 
)

 

 

 As     it follows that  

∫       
 (         )

 

                    

 

Hence      is a  -Cauchy sequence. 

If      is G-complete ,then there exist        such that      as     . 

Clearly                                     and 

                                       . 

Let     be such that     . We show that   is a coincidence point of A and q .Assume 

     .Now for                 we have  

 

                                                              
and  

∫       
 (

 
              

  )

 

 ∫       
 (

 
          

  )

 

 ∫       
 (

 
          

  )

 

 

for every     which on taking     gives rise  

 

  

∫       
 (

 
         

  )

 

 ∫       
 (

 
         

  )

 

 

Which is contradiction yielding thereby Au=z. 

Therefore   is a point of coincidence for the pair      . 
Since the pair       is weakly compatible, we have              . 

If not then for                 we have      . 

                                                              
                                                    
Now by  
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∫       
 (

 
              

  )

 

 ∫       
 (

 
          

  )

 

 ∫       
 (

 
          

  )

 

 

Which on taking     reduces to  

 

∫       
 (

 
         

  )

 

 ∫       
 (

 
         

  )

 

 

a contradiction yielding therefore there by       .To show that   is also fixed point of the pair 

     ,it is observe that           then there is some element     such that      .Thus 

          .We claim that     .If it is not then by using (3) with     and    .We 

again get a contradiction implying thereby     . So         which shows that   is a 

coincidence point of   and  .By weak compatibility of the pair      , we obtain         
      . 

Finally arguing via contradiction by using (3) we get       and hence              
 . Clearly proceeding on the previous lines .One can obtain the same conclusion in case (instead 

of     ) one of           and      is a G-complete subset of X. The uniqueness of the 

common fixed point z is also an easy consequence of condition (3) so we skip the details .This 

completes the proof. 

 

 

References:- 

 
 [1] Alber, Ya. I. and Guerre-Delabriere, S., Principles of weakly contractive maps in Hilbert 

spaces. New Results in Operator Theory and its Applications, Birkhauser,Basel, 98(1997), 7-22. 

[2] Branciari, A., A fixed point theorem for mappings satisfying a general contractive condition 

on integral type, Int. Math. Math. Sci., 29(2002), 531-536. 

[3] Deng, Z. K., Fuzzy pseudo-metric spaces, J. Math. Anal. Appl., 86(1982), 74-95. 

[4] Dori´c, D.,Common fixed point for generalized       -weak contractions, Appl. Math. Lett., 

22(2009), 1896-1900. 

[5] Dutta, P. N.  and Choudhury, B. S., A Generalisation of Contraction Principle in Metric 

Spaces, Fixed Point Theory Appl., volume 2008(2008), Article ID 406368, 8 pages. 

[6] George, A. and Veeramani, P., On some results in fuzzy metric spaces, Fuzzy Sets and 

Systems, 64(1994), 395-399. 

[7] George, A. and Veeramani, P.,On some results of analysis for fuzzy metric spaces, Fuzzy 

Sets and Systems, 90(1997), 365-368. 

[8] Grabiec, M.,Fixed points in fuzzy metric spaces, Fuzzy Sets and Systems, 27(1988),385-389. 

[9] Gregori, V. and Sapena, A.,On fixed-point theorems in fuzzy metric, Fuzzy Sets and 

Systems, 125(2002), 245-252. 

[10] Gregori, V., Morillas, S., Sapena, A., Examples of fuzzy metrics and applications, Fuzzy 

Sets and Systems 170 (2011), 95-111.  

[11] Hadzic, O. and Pap, E., Fixed point theory in probabilistic metric spaces, Kluwer Academic 

Publisher, Dordrecht, 2001. 

[12] Imdad, M. and Ali, J.,Some common fixed point theorems in fuzzy metric spaces, Math. 

Commun., 11(2006), 153-163. 



 
International Journal of Advanced Technology & Engineering Research (IJATER) 

International Conference on “Recent Advancement in Science & Technology” (ICRAST 2017) 

© IJATER (ICRAST- 2017)                                                                                                      207 

[13] Imdad, M., Kumar,S. and Khan, M.S., Remarks on some fixed point theorems satisfying 

implicit relations, Rad. Mat., 11(1)(2002), 135-143. 

[14] Jungck, G.,Compatible mappings and common fixed points, Int. J. Math. Math. Sci., 

9(4)(1986), 771-779. 

[15] Kaleva, O.and Seikkala, S.,On fuzzy metric spaces, Fuzzy Sets and Systems, 27(1984), 215-

229. 

[16] Khan, M. S., Swaleh, M. and Sessa,S., Fixed point theorems by altering distances between 

the points, Bull. Aust. Math. Soc., 30(1984), 1-9. 

[17] Kramosil, O., and Michalek, J.,Fuzzy metric and statistical metric spaces, Kybernetika, 11 

(1975), 336-344. 

[18 ] Mihet, D., A Banach contraction theorem in fuzzy metric spaces, Fuzzy Sets and Systems 

144 (2004) 431-439. 

[19] Mihet, D., On fuzzy contractive mappings in fuzzy metric spaces, Fuzzy Sets and Systems, 

158(2007), 915-921. 

[20] Mihet, D.,Altering distances in probabilistic Menger spaces, Nonlinear Anal., 71(2009), 

27342738. 

[21] Rhoades, B. E.,Some theorems on weakly contractive maps, Nonlinear Anal., 47(2001), 

2683-2693. 

[22] Schweizer, I.  and Sklar, A., Statistical metric spaces, Pacific J. Math., 10(1960), 314-334. 

[23] Sharma, S.,Common fixed point theorems in fuzzy metric spaces, Fuzzy Sets and 

Systems 127 (2002) 345-352. 

[24] Vasuki, R. and Veeramani, P., Fixed point theorems and Cauchy sequences in fuzzy metric 

spaces, Fuzzy Sets and Systems, 135(2003), 415-417. 

[25] Vetro, C.  and Vetro, P.,Common fixed points for discontinuous mappings in fuzzy metric 

spaces, Rend. Circ. Mat. Palermo, 57(2008), 295-303. 

[26] Vetro, C.,et.al common fixed point theorems for      - weak Contractions in fuzzy metric 

spaces, Indian Journal Of Mathematics T. Pati Memorial Volume 52, No.3 (2010) 573-590 

[27] Zadeh, L. A.,Fuzzy Sets, Inform. & Control, 8(1965), 338-353. 

 

. 


